These are notes on which the talk was based.
They do not contain explanations and some

additional information, which were presented
during the talk.
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OLD AXIOMS

(SA*1) (C) has a zero object, and any two objects have

(SA*2)

(SA*3a)

(SA*3b)

product and sum.

Any two monomorphisms have an intersection
(in other words: any two subobjects of any ob-
ject A have an intersection). '

Projections of products are normal epimorph-
1STNS.

(Image of normal epimorphisms) For any nor-
mal epimorphism p: E — B and any mono-
morphismw : F — E there is a commutative di-
agram

q
F >
B e > B

where v 15 a monomorphism and q 1s a normal
epimorphism.

45



(SA*4) (Hofmann’s axiom) If in a commutative diagram
of the above form p, q are normal epimorphisms,
v, w are monomorphisms and v is normal, and
if every normal monomorphism k : K — E with
p -k =0 factors through w, then w is also nor-

mal. i
F >C
i f
bor wl l*u
kK—F >p P >p

(SA*5) (Inverse image of normal epimorphisms) For
any normal epimorphism p: E — B and every
monomorphism v : C' — B there is a commuta-
tive diagram of the above form in which w is a
monomorphim and q is a normal epimorphism.

(SA*6) (The image of a normal monomorphism is nor-
mal) If in a commutative diagram as above,
p, q are normal epimorphisms, v, w are
monomorphisms and w is normal, then v s also
normal. | |



NEW AXIOMS

(SA1) (C) has a zero object, and any two objects have
product and sum.

(SA2) Pullbacks of (splitting) monomorphisms ezist.
(SA3) Ewvery kernel pair has a coequaliser.

(SA4) The Splitting Short Five Lemma holds:

ker q q

L - ) e 0
k Yy
Fet g > B

if p,q are splitting epimorphisms, u,v are 180-
morphisms, then w is also an isomorphism.

(SA5) Regular epimorphisms are preserved by pull-
backs.

(SA6) Equivalence relations are effective.



Axioms (SA1-3), (SAS—G) could be replaced here
by the following:

(P) (C) has a zero object, and any two objects have
a sum.

(Ex1) Finite limits exist.

(Ex2) (Regular epi, mono) factorizations exist and are
preserved by pullbacks.

(Ex3) Equivalence relations are effective.

(Ex1-3) is just the definition of Barr exact ca-
teganes



Theorem. The old and the new systems of azi-
oms are equivalent.

Remark. The old system of axioms gives a (nor-
mal epi, mono) factorization, and an essential part
of the proof in one direction consists just in showing
that regular epimorphisms are normal under the new
system of axioms.

Remark. The old system of axioms satisfies the
requirements of modern category theory far less than
the new system does; on the other hand, it is easier
to apply just because (partly in view of Orzech’s
results) normal epimorphisms are easier to handle
than regular ones.

— - —_— = - - - - B



EXAMPLES OF SEMI-ABELIAN CATEGORIES

1. Abelian categories.

2. Varieties of Q2-groups. E.g.: groups, rings,
Lie algebras, Jordan algebras, lattice ordered groups,
etc.

3. Internal varieties. Let T be a semi-abelian
variety and C be a Barr exact category. The category
of T-algebras in C is semi-abelian if and only if 1t
admits finite sums.

4. Heyting algebras.

5. The dual of the category of sets with a base
point.
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